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ABSTRACT
The ground-breaking detections of gravitational waves from black hole mergers by
LIGO have rekindled interest in primordial black holes (PBHs) and the possibility of
dark matter being composed of PBHs. It has been suggested that PBHs of tens of solar
masses could serve as dark matter candidates. Recent analytical studies demonstrated
that compact ultra-faint dwarf galaxies can serve as a sensitive test for the PBH dark
matter hypothesis, since stars in such a halo-dominated system would be heated by
the more massive PBHs, their present-day distribution can provide strong constraints
on PBH mass. In this study, we further explore this scenario with more detailed
calculations, using a combination of dynamical simulations and Bayesian inference
methods. The joint evolution of stars and PBH dark matter is followed with a Fokker–
Planck code phaseflow. We run a large suite of such simulations for different dark
matter parameters, then use a Markov Chain Monte Carlo approach to constrain
the PBH properties with observations of ultra-faint galaxies. We find that two-body
relaxation between the stars and PBH drives up the stellar core size, and increases
the central stellar velocity dispersion. Using the observed half-light radius and velocity
dispersion of stars in the compact ultra-faint dwarf galaxies as joint constraints, we
infer that these dwarfs may have a cored dark matter halo with the central density in
the range of 1–2 M/pc3, and that the PBHs may have a mass range of 2–14 M if
they constitute all or a substantial fraction of the dark matter.
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1 INTRODUCTION
In the standard Lambda cold dark matter (ΛCDM) cosmol-
ogy, the nature of the DM remains elusive. The possibility
of DM being composed of primordial black holes (PBHs,
Hawking 1971), arising naturally from certain inflation mod-
els (e.g., Frampton et al. 2010), has been investigated in the
context of galaxy formation early on (e.g., Carr & Hawk-
ing 1974; Meszaros 1975), and it has not yet been com-
pletely ruled out (see recent reviews by Carr et al. 2016).
Recently, it was suggested that three mass windows, around
5 × 10−16M, 2 × 10−14M and 25–100 M, respectively,
are still open for DM consists of PBHs (Carr et al. 2017).
The recent detections of gravitational waves by LIGO
are believed to originate from merging black holes with
? E-mail: qxz125@psu.edu
masses of order 10–50 M, significantly higher than known
BHs in Galactic X-ray binaries (The LIGO Scientific Col-
laboration et al. 2016a,b, 2017b,a). These discoveries have
renewed theoretical interest in PBHs as a DM candidate. It
was suggested by Bird et al. (2016) that PBHs with a mass
around 30 M are loosely constrained by micro-lensing ex-
periments and that the merger rate of binary PBHs is con-
sistent with the LIGO detections.
If true, PBHs in this mass range could be an attrac-
tive DM candidate to solve some well-known problems on
the galactic scale (see Weinberg et al. 2015), in particu-
lar the “cusp vs. core problem” (hereafter, we refer to dark
matter made of primordial black holes as PBH-DM). The
PBHs would produce DM cores instead of cusps in the cen-
tral galaxy because any “temperature inversion” present in
a cuspy profile will lead to a removal the density cusp by
increasing the velocity dispersion (Quinlan 1996). Solutions
c© 2017 The Authors
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to the “cusp vs. core problem” based on baryonic heating
of DM are shown to be mass-dependent (Pontzen & Gov-
ernato 2014; Di Cintio et al. 2014; Chan et al. 2015). The
survival of a globular cluster in the ultra-faint dwarf galaxy
Eridanus II, however, hints to a DM core in a galaxy halo
where any baryonic effect would be weak (Amorisco 2017;
Contenta et al. 2017).
In addition, a cosmology model with PBHs as DM indi-
cates a rather different evolution picture from that of other
types of DM, such as warm dark matter, fuzzy dark mat-
ter (Hu et al. 2000; Hui et al. 2017), and self-interacting
dark matter (Vogelsberger et al. 2012). Contrary to a com-
mon feature of suppressed small-scale perturbations in these
models (Vogelsberger et al. 2016), fluctuations in the num-
ber density of PBH impose additional small-scale power
(Afshordi et al. 2003). As a result, low-mass PBH-DM ha-
los will form ahead of ΛCDM halos, while in warm/fuzzy
dark matter, the DM halo formation is considerably delayed,
which has a strong consequence on the onset of reionization
(Yoshida et al. 2003; Hirano et al. 2017).
Despite these appealing features, it remains unclear
what fraction of the DM can PBHs constitute, and what
mass range can these PBHs have. Fortunately, a population
of compact (with projected half-light radius of ∼ 30 pc),
ultra-faint (∼ 1000L) dwarf galaxies has recently been dis-
covered (e.g, Koposov et al. 2015; Bechtol et al. 2015), and
they are expected to provide stringent constraints on the
PBH-DM. Using analytical approaches, Brandt (2016) sug-
gested that two-body relaxation between stars and PBH-DM
would drive a substantial size evolution in galaxies, which is
inconsistent with the observed small size of the ultra-faint
dwarfs, while Koushiappas & Loeb (2017) argued that mass
segregation would rearrange the stars into an otherwise de-
tectable ring in the surface brightness profile of Segue I.
In order to improve these analytical studies, we combine
two methods, Fokker–Planck (FP) simulations and Markov
Chain Monte Carlo (MCMC) modeling, to study the evo-
lution of galaxy halos containing both stars and PBH-DM
and to compare with observations. We first use an FP code
to perform a large set of galaxy simulations with different
parameters for the PBH-DM to follow the interaction and
evolution of the stars and PBHs, then we employ an MCMC
method to constrain the PBH properties using the observed
half-light radius and velocity dispersion of stars in compact
ultra-faint galaxies. Our modeling presents a significant im-
provement over the previous studies based on an analytical
form of energy diffusion coefficient and other simplifying as-
sumptions (Brandt 2016; Koushiappas & Loeb 2017).
This paper is organized as follows. In § 2, we describe
the numerical code and MCMC algorithm used in our sim-
ulations and analysis. In § 3, we present the dynamical evo-
lution of the stars and PBHs in the halo systems, and con-
straints from observations. We discuss the implications of
our study and its limitations in § 4, and summarize our
main findings in § 5.
2 METHODS
2.1 Numerical code for dynamical simulations
In this study, we use an FP code, phaseflow1 (Vasiliev
2017) to follow the dynamical evolution of stars and
PBH-DM in the galaxy halos. phaseflow solves the one-
dimensional FP equation for the distribution function in en-
ergy, using a high-accuracy finite element method. The code
is well tested with problems such as core collapse and the
formation of Bahcall-Wolf cusp around a central massive
black hole. phaseflow can handle multiple mass compo-
nents, which enables our calculations of the evolution of a
halo of stars and DM consisting of PBHs. Once the initial
conditions of the two components are specified, phaseflow
evolves the distribution function of all components while at
the same time updating the gravitational potential. System
diagnosis such as density profile and velocity dispersions are
computed automatically, which greatly simplifies our anal-
ysis. Throughout the paper, we set the Coulomb logarithm
(Binney & Tremaine 2008) ln Λ to be 15.
The stars in the DM halo are modeled with a Plummer
sphere (Plummer 1911):
ρ(r) =
3M∗
4piR30,∗
(
1 +
r2
R20,∗
)−5/2
, (1)
where the stellar system is characterized by the total stellar
mass M∗ and its scale radius R0,∗, respectively. In this cal-
culation, we set M∗ = 103 M, and each star particle has an
equal mass of 1 M.
The extended PBH-DM halo follows a Dehnen sphere
(Dehnen 1993):
ρ(r) =
(3− γ)MDM
4piR30,DM
(
r
R0,DM
)−γ(
1 +
r
R0,DM
)γ−4
, (2)
where MDM is the total mass and R0,DM the scale radius of
the halo, respectively. We choose the Dehnen sphere since
it has finite mass in contrast to an Navarro-Frenk-White
(NFW) profile (Navarro et al. 1997), while at the same
time offers more flexibility than a Hernquist distribution
(Hernquist 1990) or a truncated NFW profile. Note that the
Dehnen sphere is a special case of the more general α–β–γ
density profile (Zhao 1996), where the density distribution
is determined by the inner slope γ and the outer slope β
and the steepness parameter α, which control how quickly
the inner slope transits into the outer slope.
2.2 Markov Chain Monte Carlo for parameter
constraints
2.2.1 Observational data and the likelihood function
The MCMC is an effective method to explore multiple key
parameters in a complex system. In our model, we use both
the stellar half-light radius and the stellar velocity dispersion
of the compact ultra-faint dwarfs to constrain the parameter
space, which requires∼105 MCMC realizations. Fortunately,
phaseflow is an extremely efficient code, and it takes only
1 phaseflow is part of the AGAMA library for galaxy modeling,
available from https://github.com/GalacticDynamics-Oxford/
Agama/.
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Table 1. A sample of observed compact ultra-faint dwarf galaxies
used in our modeling from Brandt (2016).
Galaxy Name Projected rh [pc] σ∗ [km/s] LV [L]
Wil I 25± 6 4.3+2.3−1.3 1000
Seg I 29+8−5 3.9
+0.8
−0.8 300
Seg II 35± 3 3.4+2.5−1.2 900
Ret II 32+2−1 3.2
+1.6
−0.5 1500
Hor I 25+9−4 4.9
+2.8
−0.9 2000
several seconds to run a single model. Thus, we combine a
large grid of FP simulations performed using phaseflow
and MCMC calculations using the emcee code. The emcee
code uses an affine-invariant ensemble sampler to efficiently
random walk the parameter space (Foreman-Mackey et al.
2013).
The likelihood function of our modeling is described in
the following form:
L =
N∏
i=1
N (rh,M, rh,O, h,O)N (σM, σO, σ,O), (3)
where N is a normal distribution, N is the sample size, rh,M
is the model output of 3D half-mass radius, rh,O and σO
are the observed half-light radius and velocity dispersion,
respectively. The associated uncertainties are h,O and σ,O.
We use the top five ultra-faint dwarf galaxies compiled
by Brandt (2016) which have measurements of both size and
stellar velocity dispersion available. The data is repeated
here in Table 1 for convenience but we refer the readers
to Brandt (2016) for details and references of each mea-
surement. Note that there are discrepancies in the reported
half-mass radius of the two newly discovered Ret II and Hor
I between Koposov et al. (2015) and Bechtol et al. (2015).
In each case, we have chosen the smaller value of the two
measurements. The reason for such a sample is based on
the implicit assumption (inherited from Brandt (2016)) that
these five galaxies form a distinct class of faint dwarfs with
similar size and velocity dispersion, which can be compared
to a single theoretical model. Lastly, we apply a factor of 1.3
to de-project the observed half-mass radius to 3D following
Wolf et al. (2010).
2.2.2 Selections of prior distributions
Total dark matter mass MDM
Compact ultra-faint dwarf galaxies from our sample have
the least amount of stars (∼1000L) ever known, but their
total mass remains unknown. It was suggested that they
may reside in the least massive halos where atomic cooling is
efficient, and that their total mass is around 109 M (Sawala
et al. 2015; Wheeler et al. 2015; Zhu et al. 2016), since such
a halo mass is consistent with the M∗–MDM relations at
the low mass end (Garrison-Kimmel et al. 2017). Recently,
Ma et al. (2017) resolved the formation of such galaxies in
their simulations, and reported that the least massive halo,
which has a mass of 108M at z = 5, had already stopped
star formation since z = 8. On the other hand, Read et al.
(2016) modeled isolated dwarf galaxies and found that halos
with a total mass of 108M were able to match several dwarf
satellites of the Milky Way.
Therefore, we choose a weakly informative prior of
MDM, which follows a log-normal distribution:
log(MDM) ∼ N (9, 0.5). (4)
The choice of this prior is well justified in that
the physics involved is relatively straightforward. These
low-mass galaxies must be just massive enough, above
the thresholds set by atomic cooling and UV background
radiation, for stars to form (e.g., Okamoto et al. 2008;
Gnedin & Kaurov 2014). The width of the distribution also
ensures that halos down to 2–3× 108M are covered.
DM scale radius R0,DM
From the discussion below (§ 3.1), we argue that the inner
density profile of the halo will form a core (γ = 0) due
to relaxation effect. However, the size of the scale radius
needs to be treated as another free parameter in our model.
This is largely due to a lack of self-consistent collisional N-
body simulations from cosmological initial conditions. The
assumption that the characteristic scales of the PBH-DM
halos are similar to the ΛCDM models could lead to serious
systematics. Thus, we adopt a log-uniform distribution of
R∗,DM for the range from 100 pc to 2000 pc:
log(R∗,DM) ∼ U(log(100), log(2000)). (5)
Stellar scale radius R0,∗
The heating of stars due to two-body relaxation increases
the scale radius of stellar distribution roughly as R∗ ∼ t0.5
(Brandt 2016), which indicates that the present-day size
does not depend sensitively on the initial value of R0,∗. We
thus use a log-uniform distribution for R0,∗ for the range
from 10 pc to 50 pc.
log(R0,∗) ∼ U(log(10), log(50)). (6)
The lower limit corresponds to the largest Galactic
globular clusters and the upper limit corresponds to the
average size of the currently observed compact ultra-faint
dwarfs.
Primordial BH mass MBH
Lastly, the mass of the PBHs is not well constrained (Carr
et al. 2017). PBHs above 100 M can be ruled out by CMB
observation and the Galactic wide binaries (see Carr et al.
2016). However, since we are most interested in the range
of [1, 100] M, we assume a log-uniformly distribution for
MBH in this range.
3 RESULTS
3.1 Cusp to core transition in PBH-DM halos
from relaxation effect
In a CDM halo, the density profile usually shows a central
density cusp with a slope in the range of 0 < γ < 2, and the
MNRAS 000, 1–11 (2017)
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Figure 1. The transition from cusp to core (top panel) and the
increase of central velocity dispersion (bottom panel) due to col-
lisional relaxation effect in a PBH-DM halo. The DM halo has a
mass of 2 × 109M consisting of 30 M PBHs. It has an initial
density profile of γ = 1 and R0,DM = 500 pc, and a central veloc-
ity dispersion of 8 km/s, as represented by the thick black curves
in both panels. The thin lines show the evolution of the density
profile and the projected velocity dispersion from t = 0 to 12 Gyr
with an interval of 1.5 Gyr. The red dashed lines shows the best
matching PBH-DM halo of 109M with a core density profile of
γ = 0 and R0,DM = 160 pc, and an increased central velocity
dispersion.
DM velocity dispersion peaks at the scale radius. However,
if the DM is composed of PBHs, two-body relaxation will
soften the central cusp, and as a result of the collisional
heating, the velocity dispersion in the central region will
increase while the density will drop at the same time. This
process leads to the rapid formation of a core (Quinlan 1996)
as a result of “temperature inversion”, in which the colder
dense cusp will be heated by a hotter envelope.
Figure 1 illustrates how this relaxation effect transforms
a PBH-DM halo from a γ = 1 cusp to a γ = 0 core. The DM
halo has a mass of 2 × 109M composed of 30 M PBHs,
and an initial cuspy density profile of γ = 1 and R0,DM =
500 pc. Collisional relaxation quickly removes the central
density cusp and increases the central velocity dispersion.
After 12 Gyrs, this PBH-DM halo can be approximated by
a less massive (109M) one with a core density profile of
γ = 0 and a characteristic scale radius of R0,DM = 160 pc,
as shown by the red dashed curves.
In order to determine the time scale of the transition
from cusp to core profiles, we set up cuspy DM halos consist-
ing of 30 M PBHs with a total mass in the range from 105 to
109 M at redshift z = 10, based on the mass-concentration
relation from Diemer & Kravtsov (2015). We evolve the
PBH-DM halos using the FP code phaseflow. These simu-
lations show that the collisional relaxation effect removes the
central cusp almost instantaneously, and the DM core grows
quickly in size. For instance, it takes only ∼ 0.05 Gyr for
all the halos to develop a core of ∼ 10 pc, and ∼ 0.18 Gyr
to reach ∼ 20 pc. If formed via hierarchical assembly, it
would be difficult for DM halos of 108 − 109 M to retain
density cusps in the first place since the central density of
their less massive progenitors has already been lowered. We
speculate that the density profile of a PBH-DM halo, simi-
lar to self-interacting DM (Vogelsberger et al. 2012), could
be described by a truncated singular sphere with a sizable
core (Shapiro et al. 1999). In the absence of a self-consistent
treatment of density profile of PBH-DM halos, we thus use
a cored density profile with γ = 0 for any initial DM scale
radius R0,DM as our default choice for simulations in the fol-
lowing sections. In the Discussion Section, we will include a
test using γ = 1 to examine the outcome with cuspy density
profiles.
3.2 Stars in PBH-DM halos
In a system with two components of different masses, two-
body encounters and energy exchange would lead to change
in the distribution of density and energy. To investigate the
evolution of a DM halo with stars and PBHs, we set up a
DM halo with a mass of 2× 109 M, which contains 103 M
of stars, each being 1 M, and the DM is composed of 30 M
PBHs. The Plummer sphere for the stars has a total mass of
103M and a scale radius of 5 pc, while the Dehnen sphere
for the DM has a total mass of 2 × 109M and a scale ra-
dius R0,DM = 500 pc. The system is then followed with the
FP code phaseflow, and the results are shown in Figure 2.
Due to the huge difference in both mass and size, the two
components have different initialization in both density pro-
file and velocity dispersion, and strong two-body relaxation
and energy exchange leads to significant change in the stel-
lar density profile and velocity dispersion. Because the PBH
is much more massive than the star, heating from PBHs
on the stars is the dominant driver for the evolution of the
stellar component. After 12 Gyrs, the central stellar den-
sity drops by nearly 3 orders of magnitude, as shown in the
upper panel of Figure 2 , while the central stellar velocity
dispersion increases by a factor of ∼ 8, as in the lower panel.
As the density profile of the stars slowly diffuses out,
the half-light radius increases. This process depends on the
density and velocity dispersion profile of the PBH halo. We
note that in Figure 2, the stellar velocity dispersion is well
below that of PBH-DM at t = 12 Gyr. Hence, equipartition
of energy between the two mass species, i.e. σ(m)2 ∝ m−1,
has not been achieved.
As first pointed out by Spitzer (1969), full energy
equipartition is possible only if the mass fraction of heavy
MNRAS 000, 1–11 (2017)
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Figure 2. Effects of two-body relaxation and energy exchange
on the density profile (top panel) and velocity dispersion (bottom
panel) of a two-component halo system with stars and PBH-DM.
The halo has a total DM mass of 2 × 109 M composed of 30
M PBHs, and a total stellar mass of 103 M consisting of 1 M
stars. The blue curves represent the PBH-DM component at t = 0
(dashed lines) and t = 12 Gyr (solid lines), while the red curves
represent the stellar components at t = 0 (dashed lines) and t =
12 Gyr (solid lines).
species is below some critical value. In our setup, the to-
tal mass ratio between PBHs and stars is well above the
critical value ∼0.001(= 0.16(1/30)1.5). As a result, the cen-
tral regime will be devoid of stars, leading to only a “partial
equipartition”. Recently, Trenti & van der Marel (2013) and
Bianchini et al. (2016) reported partial equipartition in their
direct N-body simulations of globular clusters. Of course,
our example is quite extreme since the mass density profile
is completely dominated by PBHs at almost all radii.
The size increase due to heating of PBH appears to be
slightly slower than the analytical result obtained by Brandt
0.1 1.0 10.0
t [Gyr]
10
30
50
r h
[p
c] R0, ∗=15
12
9
6
3
rh∼t0.5
rh∼t0.4
Figure 3. The evolution of 3D half-light radius of stellar compo-
nents with various initial conditions in a PBH-DM halo from our
simulations, in comparison with analytical result from Brandt
(2016). The different color represents different initial condition
with R0,∗ varying from 3, 6, 9, 12 and 15 pc, respectively. Our
results show a rh ∼ t0.4 size growth rate, slower than rh ∼ t0.5
reported by Brandt (2016).
(2016). To further investigate this, we performed a set of FP
simulations with phaseflow for different initial stellar den-
sity distributions, by varying R0,∗ from 3 to 15 pc, within a
fixed Dehnen sphere with a total DM mass of 2×109M and
R0,DM = 500 pc. The resulting size evolution of the different
stellar components is shown in Figure 3, in comparison with
that of Brandt (2016). Our simulations show a slower growth
rate, rh ∝ t0.4, than that of rh ∝ t0.5 by Brandt (2016). The
heating rate of a less concentrated stellar component is also
slower than those of more concentrated ones. For example,
the magenta line on top of Figure 3 shows the size evolution
of a stellar core from R0,∗ = 15 pc, which only approaches
the asymptotic t0.4 trend by the end of the integration. Our
results suggest that the final size of the stellar core only de-
pends weakly on the initial size, and that after ∼ 10 Gyrs, a
two-component PBH-DM halo of 2× 109M would produce
a stellar core of ∼ 50 pc regardless of its initial size.
From Figure 2, the stellar density profile after t =
12 Gyrs is very smooth, we do not see any ”ring profile” pre-
dicted by Koushiappas & Loeb (2017). The discrepancy may
be due to the different methods used to track the evolution
of the halo system. The FP simulations we performed with
phaseflow can track the two-body relaxation and energy
exchange between the different mass components accurately,
while the analytical formula used by Koushiappas & Loeb
(2017) may not be able to follow the evolution of the system
dynamically.
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Figure 4. The distribution of 3D half-mass radius (top panel)
and projected velocity dispersion (bottom panel) of the stellar
components in the PBH-DM halo parameter space, from 2500
FP simulations using the phaseflow code. There are 50 grids
for each of the DM halo parameters, total DM mass MDM and
scale radius R0,DM. The DM is assumed to consist of PBHs of
30 M. The allowed regions by observations are highlighted and
hatched in both panels which, however, have little overlap with
each other.
3.3 Parameter space of PBH-DM halos from FP
simulations
In order to explore the parameter space of DM halos of the
observed compact ultra-faint dwarfs in Table 1, we use the
FP code phaseflow to perform a grid of dynamical simula-
tions of the two-component systems consisting of stars and
PBH-DM with different halo mass and size. We vary the
total DM mass from 108 to 5 × 109 M, and vary the scale
radius of the DM Dehnen sphere from 100 pc to 1000 pc. We
consider 50 values for each of the two DM halo parameters,
MDM and R0,DM, resulting in a total of 2500 simulations.
We assume the DM is composed of PBHs of 30 M, a total
stellar mass of 103 M, and an initial stellar scale radius of
R0,∗ = 20 pc. Each system is integrated for a duration of
12 Gyrs.
The final half-mass radius and the projected central ve-
locity dispersion of the stars are shown in Figure 4, as func-
tions of the DM parameter space of total DM masses MDM
and scale radius R0,DM. The shaded regions in both the top
and bottom panels indicate the allowed range of DM pa-
rameters from the observations of the compact ultra-faint
dwarfs. From the stellar half-mass radius distribution in the
top panel, given the same total DM mass, the spreading of
the stellar component is more efficient when the scale radius
is larger. While with the same scale radius, less massive ha-
los show more efficient heating. When the halo is less dense
(either due to larger scale radius or lower mass), the initial
velocity dispersions of both stars and PBHs are also much
lower. In this case, the relative increase of stellar velocity dis-
persion is larger than in a more dense halo. The preferred
range of rh ∼ 25 − 40 pc from observations demand a nar-
row range of R0,DM < 400 pc and MDM < 5 × 109 M. On
the other hand, from the stellar velocity dispersion in the
bottom panel, the preferred range of σ ∼ 3−5 km/s dictates
a range of 300 < R0,DM < 1000 pc and MDM > 10
9 M.
Clearly, it is difficult to reconcile the two constraints si-
multaneously. A smaller stellar size would require a DM halo
with smaller scale radius, thus reducing the heating from re-
laxation by increasing the velocity dispersion. Given PBH
mass of 30 M and a typical size of ∼40 pc (de-projected),
there is little room in the plane of MDM and r0,DM to meet
both the constraints.
3.4 MCMC constraints on PBH-DM from
compact ultra-faint dwarfs
In order to constrain the PBH-DM parameters from obser-
vations, we use the stellar half-mass radius and stellar ve-
locity dispersion of the observed compact ultra-faint dwarfs
in Table 1 as priors and perform a total of 105 MCMC
realizations using the emcee code. The resulting posterior
probability distributions of the four model parameters, the
DM scale radius R0,DM, initial stellar component scale ra-
dius R0,∗, total DM mass MDM, and PBH mass MBH, are
shown in Figure 5, respectively.
The posterior surface in the plane of R0,DM and M0,DM
can be understood with the help of Figure 4, as a balance
between the requirements of small sizes and small velocity
dispersions. The contours in the plane of R0,DM and M0,DM
roughly covers a narrow region of constant DM density de-
fined by MDM ∝ R30,DM.
Moreover, the likelihood distribution of the initial stel-
lar size R0,∗ and MBH has two major features, which cor-
respond to two major class of allowed configurations. First,
there is a vertical region with log(R0,∗) close to the average
size of the observed dwarfs with log(MBH) close to 0. This is
a class of models with little heating and, hence, insignificant
size evolution for the stars. Second, there is a horizontal
band where log(MBH) is close to 1 and log(R0,∗) close to
1. This is the allowed parameter space where a substantial
heating by PBHs expands the initially more compact stellar
distribution up to its present size.
From these distributions, the most probable results of
the four parameters are listed in Table 2: log(R0,DM/pc) =
2.77 M, log(R0,∗/pc) = 1.47 , log(MDM/M) = 9.12, and
log(MBH/M) = 0.93. Note these results are similar to those
obtained from simulations assuming cuspy initial DM den-
sity profiles, as shown in the table and discussed in § 4.
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Figure 5. Posterior probability distributions of the four PBH-DM parameters constrained by the stellar half-mass radius and stellar
velocity dispersion of observed compact ultra-faint dwarfs: the DM scale radius R0,DM, initial stellar component scale radius R0,∗, total
DM mass MDM, and PBH mass MBH. The contours indicate the 1– and 2–σ uncertainty region. This plot is generated using the Python
package ChainConsumer (Hinton 2016).
Our results indicate that these galaxies must be DM-
dominated: the posterior distribution of the central DM den-
sity lies in a narrow range of 1–2 M/pc3 while the stellar
density is two orders of magnitude lower. We also exper-
imented with models having no DM component at all. In
this case, the velocity dispersion of stars would be much
lower than the observed value for the given combination of
total stellar mass and half-mass radius. By contrast, glob-
ular clusters have a far larger stellar mass while occupying
the same region in the R∗–σ plane. The existence of DM
also ensures the logic of using ultra-faint dwarf galaxies to
constrain PBH mass is self-consistent.
The constraint on PBH mass in the massive end comes
from a maximum heating rate, which is more stringent than
that from the lower-mass end, mainly due to the assump-
tions upon which the stellar component was initialized, as
we discuss in § 4. This can also be seen in the contour of R∗,0
and log(MBH), which is a continuous distribution. Models
with R∗,0 between 20 and 30 pc are certainly allowed, with
a modest heating from PBH that brings the stellar size and
velocity dispersion close to the observed values. Note that
the peak of MBH does not correspond to the peak of R∗,0.
Therefore, the likelihood surface in the plane of R0,∗ and
MBH is more informative, and the constraints on MBH is
limited by our prior knowledge of R0,∗.
The estimate can be improved if we have better prior
information about the initial size of the stellar component.
There is a clear dichotomy in the spread in metallicity be-
tween dwarf galaxies and globular clusters of the same lu-
minosities (see Willman & Strader 2012, most of the ob-
served globular clusters show < 0.1 dex metallicity spread).
The large metallicity spread (> 0.2 dex) among the mem-
ber stars in the dwarf galaxies could impose more stringent
constraints on the initial stellar component size. Gas con-
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Table 2. Results from 105 MCMC realizations assuming cored
and cuspy DM density profiles
model log(R0,DM) log(R0,∗) log(MDM) log(MBH)
core 2.77+0.17−0.22 1.47
+0.05
−0.23 9.12
+0.42
−0.61 0.93
+0.23
−0.54
cusp 3.34+0.26−0.28 1.46
+0.05
−0.27 8.92
+0.55
−0.44 0.78
+0.11
−0.41
fined in a small volume would lead to efficient mixing due to
multiple supernova events, hence a more uniform metallicity
distribution is incompatible with observations. If the initial
size R0,∗ is above 20 pc, then MBH would fall below 10 M.
4 DISCUSSIONS
4.1 Model uncertainties
In our models, the strongest prior is the total DM halo mass,
which fulfills the requirement that these halos should be
just slightly more massive than the minimum mass required
for star formation. For the other three free parameters, we
have adopted rather agnostic prior distributions. The initial
distribution of stellar component, which follows a Plummer
sphere, is a reasonable assumption.
Our model assumes that DM halo has a density core.
This is a reasonable assumption given that the collisional
effect on a cusped density profile is well understood. To
demonstrate this, we have run another set of MCMC re-
alizations with a density cusp (γ = 1) at t = 0. As shown in
Figure 6, the final distributions of the four parameters are
close to those in Figure 5, although he peak of log(MBH)
drops slightly from 0.93 to 0.78. This is due to extra heating
as the central velocity dispersion is low fora cuspy density
profile. A comparison of the marginalized posterior distribu-
tions for both cored and cuspy profiles is given in Table 2.
Our choice of prior distribution of total DM mass also a
reasonable one. As illustrated in Figure 5, the total DM halo
mass MDM does not have strong correlation with either MBH
or R∗,0. The covariance between MDM and R0,DM covers a
region defined by a constant DM density in the range of 1–2
M/pc3. In contrast, PBH mass is strongly correlated with
the initial size of the stellar component. Therefore, our con-
straints on PBH mass is unaffected by the prior distribution
of total DM mass. Moreover, if more compact ultra-faint
dwarfs are to be discovered in the near future, their cumu-
lative number could impose yet another constraint against
the possibility of massive M PBHs as DM.
There are several limitations in our approach need to
be stressed. First, we treat the halos in isolation while in
reality they are in highly tumultuous galactic environments,
subjected to various mass loss processes (Zhu et al. 2016).
Second, we use the measurements of the compact ultra-faint
dwarfs as an input for the likelihood function and treat the
reported uncertainties as the widths of Gaussians in the like-
lihood function. We have used a smaller half-mass size for
Ret II and Hor I between those reported by Koposov et al.
(2015) and Bechtol et al. (2015). Accurate determination of
the membership of stars in such faint galaxies is an extremely
challenging task. In addition, unresolved binary stars may
significantly inflate the observed velocity dispersion in these
cold systems, although they are unlikely to completely domi-
nate the measurements (McConnachie & Coˆte´ 2010). Should
the true size of these stellar systems change, our modeling
and conclusions need to be revisited accordingly.
In our model, there is a built-in bias which puts more
emphasis on the more massive PBH for the following reason.
If the collisional relaxation effect is negligible, only a limited
region around rh = 40 pc and σ = 4 km/s is allowed. On
the other hand, if the model starts with a smaller initial
size (with a smaller velocity dispersion), a modest heating
will bring both the size and the velocity dispersion closer
to the observed values. Therefore, some heating effect can
be slightly more favored than no heating effect if there are
more models with modest heating allowed than those with
little heating.
4.2 Comparison with previous works
We believe that our analysis improves upon the previous cal-
culations by Brandt (2016) and Koushiappas & Loeb (2017)
by using a FP code and an MCMC approach. In particular,
the FP code self-consistently evolved the two components
system with two mass species. In the latter study, the veloc-
ity dispersion profiles of the two components are assumed
to be the same, while our modeling clearly shows this is not
the case using the FP code.
Moreover, our calculations show that the heating rate
from the massive species on the light species is slightly less
efficient than t0.5, a result of partial equipartition of energy
due to the dominant contribution from PBHs. In addition,
the combination of the FP code and a MCMC approach
is able to utilize both size and kinematics of the observed
ultra-compact dwarf galaxies by efficiently sampling the pa-
rameter space.
We note that the stellar density profile by the end of
the integration always contains a “diffused” core in our FP
calculation. This is not the same as the ring profile pre-
dicted by Koushiappas & Loeb (2017). The main reason for
this discrepancy is that the size evolution formula used by
Koushiappas & Loeb (2017) may not be accurately applica-
ble at all radii. On the other hand, the spreading out of the
surface density profiles are very similar to Koushiappas &
Loeb (2017).
Our model assumes that the DM is completely com-
posed of PBHs. It was suggested by Brandt (2016) that PBH
above 10 M may be firmly excluded as the primary candi-
date of DM in dwarf galaxies. The constraint from Koushi-
appas & Loeb (2017) is slightly stronger, with masses greater
than 6 M excluded. The constraint derived from our anal-
ysis is slightly less restrictive compared to these two studies.
4.3 Observational signatures of PBHs with
millisecond time delay
Our analysis is consistent with the suggestion that PBHs in
the mass range of 25–100 M are ruled out as the main com-
ponent of DM (Brandt 2016; Carr et al. 2017). If the LIGO
detections are from mergers of PBH binaries of ∼ 30 M, it
is only possible if they are in the massive tail of an extended
PBH mass function (Magee & Hanna 2017). However, any
PBHs with a mass substantially higher than 10 M would
violate the constraints from the dynamical analysis of dwarf
galaxies. In the near future, aLIGO observations may soon
provide constraints on PBHs around 10 M.
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Figure 6. Same as Figure 5, but for a Dehnen halo with a cusp (γ = 1) at t = 0. The prior distribution of log(R0,DM) is rescaled to
∼ U(log(200), log(10000)) in order to cover the allowed PBH halo parameter space.
It remains possible that some fraction of the DM may
be PBHs in this mass range. Apart from the contribution
to the total DM budget, the existence of PBHs will pro-
vide important constraints on certain inflation theories. In
addition, gravitational lensing due to ∼10 M PBHs will
induce a time delay on the order of milliseconds (Mao 1992;
Mun˜oz et al. 2016). There are at least two known astro-
physical phenomena that can produce detectable signals on
this rapid time scale. One is fast radio burst (Lorimer et al.
2007). If fast radio bursts have indeed cosmological origin
(Spitler et al. 2016), then one would expect repeated bursts
with millisecond delay from the same location of the sky
within a large number (Fialkov & Loeb 2017) of bursts due
to the PBH lenses (Mun˜oz et al. 2016).
Another promising source in the kHz regime for the de-
tection of PBHs would be gravitational waves from stellar
mass BH mergers. Similar to the mechanism of femtolens-
ing of γ-ray burst (Gould 1992), millisecond delays could
induce a characteristic interference pattern in the detected
waveforms in the merger phase due to the interference of
two lensed images.
Perhaps gravitational waves are better sources than ra-
dio bursts since they do not suffer from interstellar disper-
sions. This technique could be feasible with the next genera-
tion detectors such as the “Cosmic Explorer” (Abbott et al.
2017). With a large number of gravitational wave detections,
we could place a strong constraint on the mass fraction of
PBHs in ΩM, since the lensing optical depth is at the same
order as the mass fraction of PBHs for cosmological sources
(Press & Gunn 1973).
5 SUMMARY
In this study, we improve the recent analytical work
of Brandt (2016) and Koushiappas & Loeb (2017) on
the investigation of the possibility of DM consisting en-
tirely of PBHs, by combining Fokker–Planck simulations
with Markov Chain Monte Carlo realizations. The former
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method, implemented in the code phaeflow, accurately fol-
lows the joint evolution of stars and PBH-DM driven by two-
body relaxation, for a given choice of parameters. By com-
bining it with the MCMC approach, we explore the param-
eter space and use the half-light radius and central stellar
velocity dispersions of observed compact ultra-faint dwarf
galaxies as joint priors in the MCMC sampling to constrain
the PBH-DM parameters. Our findings can be summarized
as follows:
• For a DM halo in the mass range of 106 − 109 M, if
the DM is composed of PBHs entirely, collisional relaxation
quickly transforms a cusp to a cored density profile.
• For a system with stars and PBH-DM, two-body relax-
ation between the stars and PBH-DM drives up the stellar
core size, and heating from the PBHs increases the central
stellar velocity dispersion. The size evolution of the stellar
core has a growth rate of rh ∝ t0.4, which is slightly slower
than that from the full energy equipartition (rh ∝ t0.5).
• The joint constraints from the observed half-light radius
and central stellar velocity dispersions of compact ultra-faint
dwarf galaxies leave a narrow parameter space of DM halos
consist of PBHs. Results from the MCMC simulations sug-
gest that the central density of DM halo has a narrow range
of 1–2 M/pc3, and the mass of PBHs is most likely within
2–14 M, if the DM is completely made of PBH.
We note that our constraint of PBHs is slightly less
restrictive than those of Brandt (2016) and Koushiappas &
Loeb (2017). Although PBH with mass above 10 M can be
excluded as the primary candidate of DM from our results,
we emphasize that our models are inconclusive, and that the
nature of DM remains elusive.
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